We investigate second-harmonic generation of photons in nonlinear photonic crystal composed of N periods of bilayers with dispersive complex magnetic permeability and dielectric permittivity. Analytical expressions for the reflected and transmitted fundamental fields (FFs) and the second-harmonic (SH) fields are obtained. We find interesting features in the SH fields versus pump frequency and relative thickness of the bilayers for the same real values of permittivity and permeability but with different signs. Negative permeability is a substitute for periodical poling. A stronger SH signal is found when one of the layers has negative refractive index. For certain parameters, the backward and forward SH signals can be generated over a broad frequency range. Around the resonant region with strong dispersions, the reflected and transmitted signals depend on the magnetic and dielectric resonances of each layer. The transmitted FF field shows a narrow transparency window that can be controlled by the thickness of the layers. Also, a negative index around the resonant region reduces the SH peak. These results provide insights for designing efficient nonlinear photonics devices with dielectric-magnetic materials.
Introduction
Dielectric photonic crystal that exhibits a bandgap at a certain frequency range is an interesting artificial material that has wide applications [1] . Quasi-phase-matched (QPM) periodically poled photonic crystal (PPPC) has been shown theoretically and experimentally to produce efficient second-harmonic (SH) generation [2] [3] [4] . Periodically poled lithium niobate (PPLN) in 2D photonic crystal could generate an SH wave with significant intensity [5, 6] . The conversion efficiency of nonlinear interaction with modulated polarization coupling in PPLN has been studied [7] . In photonic crystal with nonlinear χ (2) medium, QPM serves to compensate the phase mismatch between pump wave and the generated SH wave in different layers, generating a strong SH wave [8] [9] [10] .
A nonmagnetic metallic conductor such as a split-ring resonator (SRR) has been used to produce effective magnetic permeability µ eff that can vary with frequency and have negative sign close to resonance [11] . A metallic thin wire structure introduced into the dielectric medium produces effective permittivity ε eff with negative sign [12] [13] [14] . Hence, simultaneous negative µ eff and ε eff lead to left-handed materials with negative refractive index n = √ ε eff µ eff [15] .
Recently, metamaterials from radio frequency to infrared [16] have been realized. Negative refraction in photonic crystal is also feasible [17] by introducing a composite medium with negative ε eff and µ eff [18] . Metamaterials using SRR with negative refractive index in the THz spectrum [19] have been extensively studied [20] . Recently, a novel phase matched structure was introduced to control SH generation (SHG) in negative index metamaterial [21] . This discovery motivates our theoretical study of SHG in photonic crystal with negative refractive index materials.
In this paper, we consider a 1D periodic photonic crystal driven by a laser field with frequency ω and directed along the z axis (figure 1). The structure has N units, each unit is a bilayer consisting of two thin layers, called odd and even layers. Previous work [4] considered nonlinear photonic crystal with susceptibility χ (2) 2 at an even layer that has a phase difference of π from the odd layer, i.e. χ and also a linear photonic crystal with negative refractive index [22] . Here, we consider a different scenario, a nonlinear photonic crystal composed of generally complex ε eff and µ eff around resonant regions and real values far away from any resonance, allowing for layers with simultaneous negative permittivity and negative permeability. The transfer matrix method (TMM) was employed to model multilayer photonic crystal [23, 24] , nonlinear frequency conversion in photonic crystal [25] , multilayers with negative refractive index [26] and photonic crystal with defects. We use the TMM to compute the fundamental field (FF) and the SH field inside the nonlinear photonic crystal. Transmission and reflection spectra for both FF and SH fields are analyzed for different thickness of the layers. Interesting effects of the SHG are found when negative refractive index materials are incorporated into the nonlinear photonic crystal, although material dispersion is neglected. The results provide useful insights and open up possibilities for developing novel frequency conversion devices.
Linear part: fundamental fields
The complex fundamental field (FF, superscript (1)), the electric field inside the homogeneous layer i with respect to time, is 
The wavevector for the FF wave in vacuum is k
eff(i) (ω) where µ (1) eff(i) (ω) is the dimensionless relative magnetic permeability of the medium as we incorporate magnetic material into the layers. The Maxwell equation
gives the magnetic field
We shall refer to figure 1(b) when applying the continuity condition for E and H fields across interfaces to develop the entire transfer matrix for FF and SH electric fields. From equation (1), we have the field E (1) 2j−1 (z, t) across the odd layer (i = 2j − 1) and E (1) 2j (z, t) across even layers (i = 2j) with j = 1, 2, . . . , N being the index for the jth unit. Then ± 2j and ± 2j−1 are the transmission (reflection) complex field amplitudes of FF at the interfaces z 2j−1 and z 2j−2 , respectively.
Boundary condition for the odd-even (OE) interface
At the back boundaries (z 2j−1 + δ with δ > 0, δ → 0) of the even 2j layers, j = 1, 2, 3, . . . , the fields in matrix form are
where
At the front boundaries (z = z 2j−1 − δ) of the 2j − 1 (odd) layer,
Considering the continuity of the tangential fields at the boundary across z 2j−1 , we have
where the vectors are defined as
describes phase changes in odd (i = 1) or even (i = 2) layers and n (1) i is the refractive index of the odd or even layers.
Boundary condition for the even-odd (EO) interface
Across the even (i = 2j − 2) and odd (i = 2j − 1) layers at z = z 2j−2 = z 2j−3 +d 2 , with j = 2, 3, . . . , we express the fields at the back boundaries of the 2j − 1 layers as
At the front boundaries of the 2j − 2 layers
Applying the continuity condition at the boundary across z 2j−2 , we have the transfer matrix for the FF wave at the even-odd interface
where P 2 describes phase changes in the even layer. Combining equations (3) and (4) to eliminate 2j−1 we have
Boundary condition at the input and output
At the boundary between air (left) and layer 1, we have 1 = D 
Combining equations (3)- (5), we obtain the transfer matrix equation for period N
From equation (6), we obtain the transmission T (1) = |t
1 | 2 and the reflection R (1) = |r (1) | 2 spectra of the FF wave using the transmission and reflection coefficients
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Using the recurrence relations and at the boundary, we have the fundamental fields at any odd layer
and any even layer
3. Nonlinear part: polarization and SH fields
For a nonlinear optical medium, the interaction of the fundamental wave with the medium inside each layer would induce second-order nonlinear polarization given by
The nonlinear polarization induced inside the photonic crystal will produce the SH field with frequency 2ω propagating along the z axis. The propagation equation of the SH wave in the ith layer is
i is the electric field of the SH wave, k
i is the SH wavevector inside the ith layer and µ
eff(i) (ω). The effective magnetic permeability µ (2) eff(i) (ω) at SH frequency is induced structurally by the metamaterial which is usually a nonmagnetic material.
We assume a slowly varying envelope such that the space and time can be separated as E
i .
Using Laplace transforms to solve equation (10), we have the general solution of the SH field as
Here, we note from the coefficients A i (ω) and C i (ω) that, instead of using periodical poling of the nonlinear media in the bilayers, one can achieve the QPM by an alternative method, namely by using negative permeability µ (2) eff(i) in place of negative χ (2) i . The magnetic field as obtained from the Maxwell equation
Defining
Similarly, we write the fields
in the even layers i = 2j as equation (13) simply by replacing 2j − 1 with 2j and the subscripts '1' in
by '2'.
Boundary condition for the odd-even (OE) interface
The continuity of the SH electric and magnetic fields at z = z 2j−1 the interface between 2j − 1 (odd) and 2j (even) layers (j > 0) implies 2j−1 (z 2j−1 ) = 2j (z 2j−1 ). It gives the transfer matrix that relates E (2)± 2j−1 and E (14) where
Boundary condition for the even-odd (EO) interface
At the interface z = z 2j−2 , j > 0, where left is the even layer and right is the odd layer, the continuity 2j−2 z 2j−2 = 2j−1 z 2j−2 gives
Boundary condition at input and output
At the (input) interface between air (on the left) and layer 1 (on the right),
At the (output) interface between layer 2N (left) and air (right) (setting j = N + 1)
Phase matching consideration
Phase matching is important to conserve momentum between FF and SH waves to enable efficient energy transfer from the FF photon to the SH photon. The SH phase mismatch is often expressed in layer i as
This term appears due to the combination of the matrices
(1) (14) and (15) . The effect of phase mismatch can be reduced for thinner layers. From (20), k
i and k
For perfect phase matching, n
i has to be satisfied such as in a vacuum, where both FF and SH waves are propagating in the same direction with the same phase velocities. However, this is not possible in practice due to dispersion of the medium. Therefore both µ and ε could be carefully chosen in such a way that µ (2) 
eff(i) to improve phase matching. Quasi-phase matching is a better option to improve phase matching due to the inherent constraints of the first two methods.
Recursion relation
The fields in the second layer are related to the fields in the fourth layer and hence to any even layers through a recursion relation. By combining equations (15) and (14), the SH fields between adjacent even layers, z = 2 (j −
By induction, we relate E
Eliminating
using equation (19), we have
with equation (17), using ) as
where we define
The linear amplitudes ± 2j−1 and ± 2j are given by equations (8) and (9) . Note that the analytical result equation (31) is slightly different from that of [4] by a factor 2 in 2C i . They employ the air-gap layers in their calculations, but we do not. Our result is also more general as it applies to arbitrary dispersive magnetic materials, making it possible to study nonlinear optical responses with metamaterials.
For convenience, we define
and the second term on the RHS of equation (31) as
Hence, equation (31) becomes
which gives the reflected and the transmitted SH field, respectively
Finally, the transmission T (2) = |t 2 | 2 and reflection R (2) = |r 2 | 2 spectra for SH electric fields can be computed as
Refractive index characteristics for metamaterial
The structure is a periodic one-dimensional photonic crystal, with each unit composed of two layers characterized by different µ and/or ε. One of the layers can be a metamaterial which has an effective µ and ε that can be engineered, for example by using SRRs. Thus, the structure can be regarded as a 'metamaterial within a photonic crystal'. The dimension of the SRR has to be smaller than the wavelength for the effective medium theory to be valid. This is realizable based on the rapid progress in nanofabrication technology [27] . Metamaterials in the infrared and recently near the optical region have been realized experimentally. This enables us to engineer resonance regions with negative refractive index in any one layer (as figure 5) or both layers (as figure 6) . In practice, negative µ (j) i has been realized around the visible frequency range by using an SRR structure [29] such as an array of U-shaped metallic SRR [30] . Negative ε (j) i can be realized with plasma or metals at high frequency and with thin wire structures at lower frequencies [13] such as the infrared, terahertz and microwave regions.
The effective relative magnetic permeability µ (1) eff(i) and dielectric permittivity ε 
where F i is the area fraction of the nonmagnetic metallic resonator, i is the dissipation factor and ω mi is the resonance frequency of the structure. The second relation gives the polar form of a complex number. Similarly, the ε 
where ω i = ω ei √ 0i − ∞i is the photon-photon coupling strength, γ i is the damping coefficient, ω ei is the transverse optical phonon without coupling. The sign of real ε For an SH wave, the effective permeability and permittivity become µ (2) eff(i) and ε (2) eff(i) where ω in equations (36) and (37) are replaced by 2ω for the ith layer µ (2) eff(i) (ω) = µ (1) eff(i) (2ω). The refractive index is defined as n
eff(i) for both odd and even media (i = 1, 2) and FF and SH waves (j = 1, 2). In the polar form (from Euler's equation), n To overcome numerical instability due to repeated matrix multiplications, S N , S N−j and L N are computed using [28] 
where M is a unimodular matrix,
and a = 
Results and discussions
We consider the nonlinear medium with constant values of µ 
Nondispersive materials
First, we consider the two media (layers) with nondispersive (constant) µ i . Figure 2 shows the results for
2 ] = (±1, ±5) and (±1, ∓5), respectively. We choose the same sign for both µ and ε in the same medium so that the refractive indices are real. We find zero reflection R (1) = 0 and absolute transmission T (1) = 1 in the FF for all values of ω and d 1 even though there is a significant contrast between the refractive indices of the two media. This is an interesting effect of using magnetic material µ (1) 2 = 1. We shall see that the reflection R (1) is not zero when µ (1) 2 is different from ε The reflected SH field, R (2) for S (1) = (±1, ±1, ±5, ±5) ( figure 2(a) ), is only about ten times smaller than the transmitted SH, T (2) . The R (2) shows regular harmonics that depend on the frequency ω and the ratio d 1 /d. However, T (2) is independent of d 1 /d but has a maximum around ω = 5×10 14 s −1 . On the other hand, for S (1) = (±1, ±1, ∓5, ∓5), when only one of the media has negative index ( figure 2(b) ), the reflected SH signal becomes stronger. The T (2) signal is larger at higher frequencies with a maximum value of 10
the interaction length in the odd layer is the same as the interaction length in the even layer. We find that the photonic band structure is unaffected when the refractive index becomes negative. Figure 3 shows the situation where the permeabilities, permittivities and refractive indices of the two media are equal in magnitude but have opposite signs, i.e. [µ
The sign is responsible for finite reflectance R (1) (compare with figure 2 ) and with the dependency on ω and d 1 /d. The spectra of both R (2) and T (2) are quite similar and almost symmetrical although T (2) is about four times larger than R (2) . At around d 1 /d = 0.5, the R (2) and T (2) are finite for almost the entire range of pumping frequency. This 'backbone' feature is an important feature of the SH signal for the generation of broadband frequency converted light that may be an alternative to a supercontinuum laser. Notice that d 1 /d = 0.5 serves as the line of symmetry for the reflectance and transmittance spectra of the FF and SH.
The material parameters used in figures 2 and 3 have symmetry. When the parameters have no symmetry, e.g. [µ figure 4 shows an increase in the R (2) signal. The spectra of both R (2) and T (2) are no longer similar and the symmetry is lost. The 'backbone' feature of the SH field is shifted to d 1 /d ∼ 0.6 and becomes less evenly distributed and more localized. Thus, broken symmetry could be useful for developing more efficient frequency conversion devices.
Resonant regions
We now discuss four scenarios (figures 5-8) of dispersive materials around the resonant region described by equations (36) and (37). The main feature resulting from resonances of the refractive indices n Also shown in figures 5 and 7 is the dispersion of the photonic band structure (Bloch wavevector K B versus ω using transcendental equation [31] ) around the resonance region that correlates well with the transmission spectra. Although there is no significant photonic bandgap in the plots for the chosen parameters, there are important features to be observed. Notice that the finite transmission ridge corresponds to the larger wavevector closer to the Brillouin zone edge at K B d π . From figures 5 and 6, the negative index at slightly higher frequency than the resonance tends to give larger K B , causing the shift of dispersion with d 1 /d.
We note that there is negative refraction [32] near the band edge of the photonic crystal with strongly modulated refractive index and in [33] highly dispersive photonic crystal has been predicted. Our band structures may also show negative refraction. However, the phenomenon of negative refraction does not necessarily require negative refractive index and therefore should not be confused with metamaterials that use negative permeability and permittivity to achieve negative refractive index.
The general trend of the SH signal is that it is negligibly small in the low frequency region and around the resonance region. There are small peaks in the reflection spectra R (2) where negative refractive index occurs and d 1 /d is small (figures 5 and 7). This is an effect of negative index on nonlinear processes, particularly the SHG.
The transmitted SH signal is normally larger than the reflected signal (T (2) > R (2) ) just outside the resonant region (see insets of figures 5-8). Far away from the resonance region ( figure 9 ) the SH signals are significantly higher. The transmission T (2) and reflection R (2) spectra contain peaks at regular values of d 1 /d and frequencies corresponding to constructive interference of the multiple waves through the phases exp(n (2) i ωd i /c). The reflected signal is nearly half of the transmitted signal.
Conclusions
We have studied the FF and SH field reflected and transmitted from a nonlinear photonic crystal with dispersive complex dielectric and magnetic permeability functions. We analyze the variations of the fields with pump frequency and structural parameters d i . Results with simultaneous negative permeability µ eff and negative permittivity ε eff (negative refractive index) show interesting features in the forward (transmitted) and backward (reflected) SH field. The negative refractive indices cause the change in the sign of SH wavevectors, providing improved phase matching and strong SH backward electric field. Optimum thicknesses d i and frequencies ω are identified from the regular SH peaks for the large reflected (backward) SH wave. The results show that asymmetric parameters with constant negative permittivity and permeability (realizable beyond the resonance or absorption region) can give interesting features such as a broadband signal and improved nonlinear signal. Around the resonant region, the region between two absorptions leads to narrow transparency windows (for the FF) whose central frequency can be controlled by d i . We also find that the negative index reduces the reflected SH signal in the resonant region. The results provide insights into how the signs of dielectric and magnetic materials affect the linear and nonlinear responses of multilayer structures. This may stimulate further experiments with nonlinear metamaterials, leading to more efficient nonlinear optical frequency converters.
